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THEOREM 4. The optimal objective of Program MPl is zero. 
The above approach to incentive compatability is further explored in Roth, 
Rothblum, and Vande Vate (1990) to study incentives of coalitions consisting of more 
than a single man. 
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Results on Invariant Cones17 
by RONALD J. STERN18 and HENRY WOLKOWICZ1’ 
1. Introduction 
Polyhedral cones are easily represented algebraically using systems of linear 
inequalities. Ellipsoidal cones, i.e. cones that have ellipsoidal cross sections, can also be 
handled algebraically using the solution set of an inequality. Unlike the polyhedral 
cones, the ellipsoidal cones have a smooth boundary. The ellipsoidal cones form a 
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subset of the rotund cones, i.e. the cones whose only proper faces are the one- 
dimensional extreme rays. Our objective is to study how the Perron-Frobenius theory of 
nonnegative matrices is modified when the (polyhedral) cone %t is replaced by an 
ellipsoidal cone. We present complete characterizations of when a matrix holds 
an ellipsoidal cone invariant under various assumptions. We first present some 
definitions and preliminary results. 
A set K C %I n is a cone provided by cx K C K for all real numbers OL >, 0. The cone 
K is said to be proper provided that it is closed, has nonempty interior, and is pointed 
(i.e. K fl {-K} = (0)). The boundary of K is denoted aK. For a given proper cone 
K c !Xn we shall consider the following sets of real n x n matrices: 
K-nonnegatiue matrices: H(K) = { A : AK C K 1. 
K- irreducible matrices: H’(K) = {A: A en(K) and A has no eigenvector in K}. 
K-positiue matrices: II+(K) = { A : A( K /O) C int( K)}. 
K-exponentially nonnegatiue matrices: e(K) = { A : etA E n( K) v t > 0). 
aK-exponentially nonnegatiue matrices: e(8K) = {A: etA(8K) c IRK Vt > 0). 
A cone of particular interest to us is the n-dimensional ice-cream cone 
A (proper) cone K C 8 n is said to be ellipsoidal provided that K = TK for some 
nonsingular real n x n matrix 2’. By employing Sylvester’s law of inertia, one can 
obtain the following characterization of the set of ellipsoidal cones. [By the inertia of a 
square symmetric matrix we mean the triple (7r, 5; 7) corresponding to the number of 
positive, zero, and negative eigenvalues, respectively.] 
LEMMA 1.1 [ 11. K C % " is an ellipsoidal cone if and only ij 
K = {TEFJ?~: xfQr < 0, xfu > O}, 
where Q is a real symmetric n x n matrix with inertia (n - l,O, 1) and u is an 
eigenoector of Q corresponding to its negative eigenoalue. 
2. Invariant Ellipsoidal Cones 
J. Vandergraft [2] and L. Elsner [3] gave a spectral characterization of matrices 
which are K-nonnegative for some proper cone K. They also provided related 
characterizations in the K-positive and K-irreducible cases. In the following two results, 
it is asserted that the characterizations are not altered in the “stronger than K- 
nonnegativity” cases, if we add the requirement that K be ellipsoidal. [In what follows, 
the spectral radius of a square matrix A will be denoted by p(A), and for an eigenvalue 
h, deg( X) will denote its degree in the minimal polynomial of A.] 
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THEOREM 2.1 [l]. For a real n x n mutti A, the following are equivalent: 
(1) There exists a proper cone K C !I?” such that Aen+( 
(2) There exists an ellipsoidal cone K such that A E lT’( K). 
(3) p(A) is a simple eigenvalue of A dominating all other eigenvalues in modulus. 
THEOREM 2.2 [l]. For a real n x n matrix A, the fohowing are equioalent: 
(1) There exists a proper cone K c %ll n such that A E II’(K). 
(2) There exists an ellipsoidal cone K such that A E II’( K ). 
(3) p(A) is an eigenvalue of A and deg(h) = 1 fw every eigenvalue whose modulus 
equals P(A). 
In [2] and [3] it was shown that for a real square matrix A, the existence of a proper 
cone K such that A E II( K) is equivalent to the condition 
(*) p(A) is an eigenvalue of A, and if X is an eigenvalue whose modulus equals 
P(A), then deg( A) 6 deg( p( A)). 
It turns out that this condition needs to be strengthened if we add the ellipsoidal 
requirement. In particular, we have the following result. Its proof makes use of Lemma 
1.1 as well as a result due to Loewy and Schneider [4] dealing with copositivity for the 
ice-cream cone K,. 
THEOREM 2.3 [l]. For a real n x n matrix A, the following are equivalent: 
(1) There exists an ellipsoidal cone K such that A E fI( K). 
(2) Condition (*) holds. Furthermore, deg( P( A)) Q 3 (deg( P( A)) 6 2 in case 
p(A) = 0), and the Jordan canonical form of A has at most one block of 
order > 2 corresponding to eigenvalues with modulus p(A). 
3. Exponential Nonnegativity 
The following result provides a characterization of exponential nonnegativity of the 
n-dimensional ice-cream cone, in terms of a definiteness condition. We denote by Q, 
the n x n diagonal matrix with diagonal (1, 1, . . . , 1, - 1). 
THEOREM 3.1 [5]. Let A be an n x n real matrix. Then Aee( K,) if and only if 
there exists a real number c such that 
Q, A + A’Q, - cQn is negative semideftnite. 
Theorem 3.1 yields various alternative characterizations of e( K,). For example, we 
have the following necessary condition: 
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COROLLARY 3.1 [5]. lfA,~e(K,) then 
+I, +A:) <2a,,. 
where A, is the leading (n - 1) x (n - 1) principal s&matrix ofA and arm is the (n, n) 
entry of A. 
Theorem 3.1 can also be applied to yield the following characterization of e(aK,) in 
structural terms. 
THEOREM 3.2 [5]. Let A be a real n x n matrix. Then A E e(aK,) if und only if 
A = B + al. where a is a real number and where 
B= 4 b 
[ 1 b’ 0 ’ 
with B, being an (n - 1) x (n - 1) skew symmetric matrix. 
We remark that by employing Lemma 1.1, the previous results can be extended to 
yield characterizations of e(K) and e(aK) for a general ellipsoidal cone K. 
4. Generalized Invariant Cones 
Consider the question of the existence of a proper cone K c '8" such that 
AK C BK, where A and B are a given pair of m x n matrices. The following result 
provides the answer, in terms of the matrix pencil A - hB and the real Kronecker 
canonical form (see e.g. [6]). 
THEOREM 4.1 [7]. Let A and B be given real m x n matrices. Then there exists u 
proper cone K c 8" such that AK c BK if and only if the matrix pencil A - XB has no 
infinite eigenoulues, the left Kronecker indices are all zero, and condition (*) holds for the 
jnite eigenvalues of the pencil. 
In the same vein, we can extend Theorems 2.1, 2.2, 2.3, and 3.1. 
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Hessenberg L-matrices 
by JEFFREY L. STUART” 
In this talk, we explore a problem in qualitative, as opposed to quantitative, matrix 
theory. What is the relationship between matrix sign patterns and invertibility? Unless 
otherwise attributed, the results presented here are from [7]. 
Sign Patterns, Sign Positive Determinants, and L-Matrices 
For every real number r, the sign function sgn( r) is defined by 
( 
1 if r>O, 
sgn(r) = 0 if r=O, 
-1 if r<O. 
Let A be in d”(R), the set of n x n real matrices. Define sgn( A) to be the matrix 
in A”({ - 1,0, 1)) such that for each i and j, [sgn( A)lij = sgn( Aij). Let Q(A) be the 
subset of A,,(R) given by 
Q(A) = {R:sgn(A) = sgn(B)}. 
Thus for each A, Q(A) has a canonical representative: sgn( A). The set Q(A) is called 
the qvalitatioe class of A, because the class is determined by the sign pattern of its 
members rather than by the numerical values of their entries. The matrix A is called an 
L-matrix if every matrix in Q(A) is invertible. L-matrices were originally studied in 
connection with qualitative p[roblems in econometrics [l, 61. These matrices are also 
closely related to sign solvability of linear systems [4, 61. Recently, the sign patterns of 
the inverses of L-matrices have been studied [5]. 
If A is in &#3), then A is said to have sign-positioe determinant if det( B) > 0 for 
every matrix B in Q(A), sign-negatioe determinant if det( B) < 0 for every matrix B in 
Q(A). It is easy to verify that A is an L-matrix if and only if A has either sign-positive 
determinant or sign-negative determinant. 
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